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The micromorphic continuum theory of dielectrics introduced in a previous work (Romeo, 2011) is here
reduced to a linear set of balance and constitutive equations modeling thermo-electromagneto-elastic
solids which allow for electric dipoles and quadrupoles. Electric polarization turns out to be a linear func-
tion of macroscopic strain, microrotation and their gradients. Micropolar isotropic dielectrics are consid-
ered in particular to set up the one-dimensional problem of a dielectric layer subjected to a voltage drop.
The solution accounts for ionic permeability and electrostriction. In addition, the well known anomalous
behavior of the electric capacitance of thin dielectric layers arises as a consequence of electroelastic
coupling.
 2012 Elsevier Ltd. All rights reserved.1. Introduction polarization depends onmechanical strain and strain gradient, sug-The theory of electromagnetic deformable solids is at the basis of
a great part of the current research on materials which manifest
thermo-electro-elastic couplings. Besides a comprehensive descrip-
tion of the interactions involved in the resulting effects, the objec-
tive of theoretical models is also to conceive material structures
capable to enhance selected responses to external assigned ﬁelds.
The most relevant approaches to these problems trace back to the
continuum theories of electromagnetism proposed in pioneering
works by some authors in the sixties and seventies (Dixon and Erin-
gen, 1965a,b; Maugin and Eringen, 1977; Mindlin, 1968), which led
up to a detailed and coherent picture of electromechanical interac-
tions (see for example Maugin, 1988; Nelson, 1979). Beside the
classical approaches, micromorphic continuum theories have been
developed to account for material responses at different length
scales (Eringen and Suhubi, 1964a,b). Although these were origi-
nally conceived as mechanical theories, their extension to electro-
magneto-elastic coupling has been proposed including
polarization and magnetization ﬁelds in the set of constitutive
equations (Eringen, 1999, 2003). Recently, it has been suggested
that electromagneto-elastic interactions can be coherently de-
scribed by a micromorphic continuum model if electric dipoles
and quadrupoles are introduced in connection with microdeforma-
tions via the charge density (Romeo, 2011). This model, which is at
the basis of the present work, has been applied to ferroelectrics,
showing the role of micromotions in the description of polarization
(Romeo, 2012). Here we consider a linearized micromorphic model
allowing for intrinsic dipole and quadrupole densities and restrict
the microdeformation to the micropolar case. It is shown howll rights reserved.gesting that if quadrupoles are taken into account, ﬂexoelectric ef-
fects, usually explained by phenomenological approaches, can arise
beside piezoelectricity (Majdoub et al., 2008). In order to test the
effectiveness of the present linearized model we have considered
the simple problem of a dielectric layer subjected to opposite volt-
ages on its boundaries. This problem was examined by Mindlin
(1969) to point out that the anomalous capacitance observed in thin
dielectric ﬁlms (Mead, 1961) could be explained by the role of
polarization gradient in a phenomenological continuum theory.
In Section 2 we give the essentials of the micromorphic contin-
uum theory of thermo-electro-elastic dielectrics according
to Romeo (2011), exploiting some classical result of Maugin
(1988), Maugin and Eringen (1977) and Eringen (1999). The linear
approximation is given in Section 3 together with the pertinent
constitutive assumptions. The restriction to micropolar and isotro-
pic dielectrics is derived in Section 4 where the corresponding bal-
ance and constitutive equations are rewritten. Section 5 is devoted
to the one dimensional stationary problem of a dielectric layer
when thermal coupling is neglected. This problem is solved prelim-
inarily ignoring the occurrence of quadrupoles. Dielectric suscepti-
bility and electrostriction arise as direct consequences of boundary
conditions and evolution equation for the dipole density. Analogous
results are then obtained accounting for quadrupoles. A numerical
example is discussed remarking the occurrence of size effects such
as the anomalous dependence of the electric capacitance on the
layer’s thickness, in agreement with previous results.
2. Governing equations of micromorphic elastic dielectrics
Here we summarize the results on balance equations and
boundary conditions for the micromorphic model of electroelastic-
ity given in Romeo (2011). These are based on accounting for
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sistent with mechanics of microcontinua. Dealing with dielectrics
we assume that free electric charges are absent and the total
charge density within the microelement vanishes. Dipole and
quadrupole densities p and Q arise respectively as ﬁrst and second
order moments of the microdisplacement n and obey the following
evolution equations
_pþ ðr  vÞp ¼ Np; ð2:1Þ
_Q þ ðr  vÞQ ¼ 2SymðNQ Þ; ð2:2Þ
where N is the microgyration tensor deﬁned by _n ¼ Nn and v ¼ _x is
the velocity ﬁeld. Superimposed dot denotes material time deriva-
tive d=dt. The microinertia tensor I , which is the mechanical coun-
terpart of Q , satisﬁes an equation identical to (2.2). Polarization P
and magnetization M are then obtained by
P ¼ p 1
2
r  Q ; Mi ¼ 12c ijkðNkp  vk;pÞQpj; ð2:3Þ
where c is the light’s speed. Denoting by E and H, respectively, the
electric and magnetic ﬁelds, the electric displacement and the mag-
netic induction are
D ¼ Eþ P; B ¼ HþM: ð2:4Þ
We consider a dielectric material which occupies a space region V
with boundary @V and denote by w the surface charge density
and by p^ the surface polarization on @V . This last, which occurs if
quadrupoles are accounted for, turns out to have no components
orthogonal to the surface, as follows from the analysis of Kafadar
(1971). The Maxwell’s equations can be given the following local
form within V, in Heaviside–Lorentz units (see for example Maugin,
1988; Maugin and Eringen, 1977),
r  D ¼ 0; r  B ¼ 0; ð2:5Þr Eþ 1
c
_B ¼ 0; rH 1
c
_D ¼ 0; ð2:6Þ
and the following associated conditions hold on @V , with outward
unit normal n,
n  sDt ¼ wrs  p^; n  sBt ¼ 0; ð2:7Þn sEt 1
c
ðn  vÞsBt ¼ 0; n sHt 1
c
ðn  vÞsDt ¼ 0; ð2:8Þ
where sAt ¼ Aþ  A denotes the jump of the quantity A across @V
and rs ¼ r nðn  rÞ denotes the tangential gradient on @V .
The electromagnetic force density due to dipole and quadrupole
densities turns out to be
fem ¼ ðp  rÞE þ 1
2
ðQrÞrE þ 1
c
ðN LÞp½   Bþ 1
c
½ðN LÞQr
 Bþ 1
2c
B Qrð ÞLT
h i
; ð2:9Þ
where L ¼ ðrvÞT is the velocity gradient and E ¼ Eþ vc  B. The cor-
responding electromagnetic force’s moment is x fem þ cem, where,
in components,
cemi ¼ ijkCemjk ;
is the intrinsic electromagnetic copuple due to polarization, with
Cemjk ¼ pjEk þ Ek;h þ
1
c
kpqðNph  vp;hÞBq
 
Qhj: ð2:10Þ
The global balance laws for momentum, moment of momentum
and energy can be written as (see Eringen, 1999; Romeo, 2011)
d
dt
Z
V
qvdv ¼
Z
V
ðqf þ femÞdv þ
Z
@V
nTda; ð2:11Þd
dt
Z
V
ðx qv þ qwÞdv ¼
Z
V
½x ðqf þ femÞ þ qcþ cemdv
þ
Z
@V
½x ðnTÞ þ nMda; ð2:12Þ
d
dt
Z
V
qðKþeÞdv ¼
Z
V
ðwmeþwemþqhÞdvþ
Z
@V
ðwnq nÞda: ð2:13Þ
where q is the mass density, f and c are respectively the mechanical
body force and couple per unit mass, e, h and q are respectively the
internal energy per unit mass, the heat supply per unit mass and the
heat ﬂux per unit area. The kinetic energy K, the power densities of
body forces wme, wem and the power per unit area wn on @V are gi-
ven by
K ¼ 1
2
v2 þ 1
2
trðNINTÞ; wme ¼ qf  v þ q tr½I TðrfÞN;
wem ¼ E  Npþ p  ðrEÞv þ tr½Q ðrEÞN þ v  ðQrÞrE;
wn ¼ nT  v þ trðnmNTÞ:
where v2 ¼ v  v, T is the Cauchy stress tensor and m is related to
the stress couple tensor M by
Mij ¼ jhkmikh:
The local form of Eqs. (2.11)–(2.13) is (see Eringen, 1999; Romeo,
2011),
q _v ¼ qf þ fem þr  T; ð2:14Þ
qr ¼ qðrfÞTI þ CemT þ TT  Sþr m; ð2:15Þ
q _e ¼ SijNji  TijðNji  LjiÞ þmijkNjk;i þ qhr  q ð2:16Þ
within V. The balance law for moment of momentum (2.15) is writ-
ten in its dual tensorial form where S is an arbitrary second order
symmetric tensor and where r is the spin inertia tensor
r ¼ _NI þ NNI :
Concerning with the boundary conditions on @V , in view of the next
applications, we neglect the surface polarization p^ (see Section 5)
and, accounting for the general result in Maugin and Eringen
(1977), from (2.11) and (2.12) we obtain
nsTtþwhEi þ ðn  hPiÞsEtþ ðhMi  sBtÞn ¼ 0; ð2:17Þ
nsmt ¼ 0; ð2:18Þ
where hAi ¼ 12 ðAþ þ AÞ.
3. Linearized model and constitutive assumptions
In order to derive linearized equations for the previous model
we assume that the current unperturbed conﬁguration allows for
intrinsic dipole density pð0Þ and quadrupole density Q ð0Þ. These
quantities depend on the microstructure, compatibly with possible
static solutions. According to Romeo (2012), in the linear
approximation
N ¼ _U;
where U is the microrotation tensor. Eqs. (2.1) and (2.2) reduce to
_pþ ðr  vÞpð0Þ ¼ _Upð0Þ;
_Q þ ðr  vÞQ ð0Þ ¼ 2Symð _UQ ð0ÞÞ;
from which we obtain
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Q ¼ Q ð0Þ  ðr  uÞQ ð0Þ þ 2SymðUQ ð0ÞÞ: ð3:2Þ
Substituting into (2.3)1 we arrive at
P ¼ pð0Þ  ðr  uÞpð0Þ þUpð0Þ
þ 1
2
rðr  uÞQ ð0Þ  ðr UÞQ ð0Þ  ðQ ð0ÞrÞU
h i
: ð3:3Þ
The last equation shows that, in the linear case, polarization arises
from both macroscopic strain, microrotation and their spatial deriv-
atives. In particular, even if the dielectric possesses no net dipole
density, a nonuniform strain produces polarization if Q ð0Þ – 0. We
remark that this condition can be satisﬁed for arbitrary material
symmetries of the crystal lattice, allowing for polarization also in
nonpiezoelectric media. Electric polarization due to strain gradients
is at the basis of suitable phenomenological theories accounting for
the ﬂexoelectric effect (Majdoub et al., 2008). The present micro-
morphic linear model gives an explanation of such an effect in
terms of electric quadrupoles.
Within the same approximation, Eq. (2.3)2 gives
Mi ¼ 12c ijkð
_/kp  _uk;pÞQ ð0Þpj : ð3:4Þ
We rewrite the linearized Maxwell’s equations in term of the vec-
tors E and B. In view of Eqs. (2.4) and exploiting Eqs. (3.2) and
(3.3), the Gauss’ law (2.5)1 and the Ampère’s law (2.6)2 take, respec-
tively, the following form
r  E ½rðr  uÞ  pð0Þ þ ðr UÞ  pð0Þ þ 1
2
ðQ ð0ÞrÞ  rðr  uÞ½
2ðr UÞ ¼ 0; ð3:5Þ
rB1
c
_Eðr _uÞpð0Þ þ _Upð0Þ þ1
2
ðQ ð0ÞrÞ r
h i
_uðQ ð0ÞrÞ _UT
 
¼0:
ð3:6Þ
Denoting by g the entropy per unit mass and by h the absolute tem-
perature, the second law of thermodynamics reads
q _gP q
h
h
r  q
h
:
From this, exploiting the energy balance (2.16) and introducing the
free energy per unitmassw ¼ e hg, we obtain the Clausius–Duhem
inequality
qð _wþ g _hÞ  Sij _eji  Tij _eij mijk _cjki þ 1h q  g 6 0; ð3:7Þ
where g ¼ rh and
e ¼ SymU; e ¼ ruUT ; c ¼ ðrUÞT :
According to the analysis in Romeo (2012) we assume that
w ¼ ewðe; e; c; h;jÞ; ð3:8Þ
where the vector j is an internal variable which satisﬁes the follow-
ing evolution equation
_j ¼ Rg sj: ð3:9Þ
Here the scalar s and the tensor R are assumed to be constant. From
Eq. (3.6) and inequality (3.7) we obtain
S ¼ qewe; T ¼ qewe; m ¼ qewc; q ¼ qhewjR; g ¼ ewh; ð3:10Þ
togetherwith the dissipative inequality sewj  jP 0. Here, subscripts
denote partial derivativeswith respect to the corresponding variable.
In order to linearize the balance and constitutive equations we
observe that, according to Eqs. (2.14)–(2.16), (2.3) and (2.4), in the
unperturbed conﬁguration we must have Tð0Þ ¼ Sð0Þ  pð0Þ  Eð0Þ,fð0Þ ¼ 0, hð0Þ ¼ 0, Hð0Þ ¼ Bð0Þ, Dð0Þ ¼ Eð0Þ at the temperature h0, com-
patibly with given conditions at the boundary. In the following we
shall assume Sð0Þ ¼ 0 and mð0Þ ¼ 0. Exploiting Eqs. (2.9), (2.10),
(3.1) and accounting for the linear approximation
r ¼ €UI ð0Þ;
we can linearize Eqs. (2.14), (2.15) to obtain
q€u¼qfþðpð0Þ rÞEþ1
2
½ðQ ð0ÞrÞ rEþ1
c
ð _Upð0ÞÞBð0Þ þrT; ð3:11Þ
q€UI ð0Þ ¼ qðrfÞTI ð0Þ þ TT  Sþ Eþ 1
c
_u Bð0Þ
 
 pð0Þ
þ EQ ð0Þ þ r m; ð3:12Þ
where Ekl ¼ Ek;l þ 1c kpqð _Upl  _up;lÞBð0Þq and T; S andm are linear in the
set fe; e; c; h;jg. The balance of energy (2.16) can be rewritten in the
form of the heat equation. Accounting for (3.10) we obtain
ewhh _h ¼ sewhj  jþ ewTjjRrjþW W^ hh0 ; ð3:13Þ
where
W ¼ ewje 	
jlm
elm;i þ ewje 	
jlm
elm;i þ ewjc 	
jlmp
clmp;i
 
Rji;
W^ ¼ ewhe 	
ij
_eij þ ewhe 	
ij
_eij þ ewhc 	
ijk
_cijk:
The explicit form of the linear constitutive equations will be given
in the next section for the micropolar model of the dielectric solid.
4. Micropolar dielectrics
The previous analysis is here restricted to the simpler and
meaningful case of a micopolar continuum. In this case the micro-
motion consists into a pure rotation and the microrotation tensor
can be expressed in terms of the microrotation vector u as
Ukl ¼ klmum: ð4:1Þ
It follows e ¼ 0 and, from the constitutive assumptions (3.7) and
(3.9) we obtain S ¼ 0 identically. Also, the third-order tensor m
can be rewritten in terms of the second-order tensor l as
mklm ¼ 12 lmrlkr: ð4:2Þ
Looking at the simple applications of the next section we assume
f ¼ 0 and Bð0Þ ¼ Eð0Þ ¼ 0, so that Tð0Þ ¼ 0. Accordingly, the Gauss’
law and the Ampère’s law reduce, respectively, to
rE½rðruÞ pð0Þ þpð0Þ  ðruÞþðQ ð0ÞrÞ  1
2
rðruÞþru
 
¼0;
ð4:3Þ
rB1
c
_Eðr _uÞpð0Þ pð0Þ  _uþ1
2
ðQ ð0ÞrÞ r
h i
_uþðQ ð0ÞrÞ _u
 
¼0:
ð4:4Þ
The balances of momentum and moment of momentum take the
following form
q€u ¼ ðpð0Þ  rÞEþ 1
2
½ðQ ð0ÞrÞ  rE 1
c
ðpð0Þ  _uÞ  Bð0Þ þ r  T;
ð4:5Þ
qeI ð0Þ €u ¼ E pð0Þ  ðQ ð0ÞrÞ  Eþ tþr  l; ð4:6Þ
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ti ¼ ikjTkj: ð4:7Þ
In the micropolar case the set of independent ﬁelds reduces to
fe;ru; h;jg. As to the constitutive equations, it is convenient to
write the tensors T and l as linear functions of ru;u;ru; h and
j. According to the previous assumptions on Tð0Þ and mð0Þ and
assuming ew to be quadratic in its arguments, we obtain
T ¼ Aeuruþ Aeuuþ Aecruþ Aehhþ Aejj; ð4:8Þ
l ¼ Acuruþ Acuuþ Accruþ Achhþ Acjj; ð4:9Þ
where the (constant) coefﬁcients AðÞ are, in components,
Aeuijkl ¼ qðeweeÞijkl; Aeuijk ¼ Aeuijmlmlk;
Aecijkl ¼ qðewecÞijpqlpqk; Aehij ¼ qðewehÞij; Aejijk ¼ qðewejÞijk ð4:10Þ
Acuijlm ¼ qðewceÞihkmljkh; Acuijl ¼ Acuijpmmpl;
Accijlm ¼ qðewccÞihkpqmpqljkh ¼ 4qðewccÞi½lq½jqm þ 2qðewccÞi½pqqpmdlj;
Achij ¼ qðewchÞihkjkh; Acjijl ¼ qðewcjÞihkljkh;
ð4:11Þ
where square brackets in a couple of indices denote skew-symme-
trization. Once the previous results are substituted into the heat Eq.
(3.12), we obtain the following coupling terms
W ¼ Ujurruþ Ujuruþ Ujcrru;
W^ ¼ Vhur _uþ Vhu _uþ Vhcr _u; ð4:12Þ
where, in components,
Ujuijk ¼ RhkðewjeÞhji; Ujuij ¼ Ujumljlmi; Ujcijk ¼ RhkðewjcÞhlmjlmi;
Vhuij ¼ ðewheÞji; Vhui ¼ Vhulj jli; Vhcij ¼ ðewhcÞkljkli:
ð4:13Þ
In view of successive developments we give the expressions of the
coefﬁcients (4.10), (4.11) and (4.13) for isotropic dielectrics. In this
case the derivatives of ew which correspond to odd-order tensors
vanish identically. It follows
Aec ¼ Aej ¼ Acu ¼ Acu ¼ Ach ¼ 0; Uju ¼ Uju ¼ Vhc ¼ 0:
In addition, known theorems on the representation of isotropic
functions (Chowdhury and Glockner, 1976) imply that, apart from
the dependence on the scalar h, in the linear theory, w depends
on nine invariants. Accordingly, second order and fourth order ten-
sor coefﬁcients in the quadratic form can be represented, in the
usual indexing notations, respectively as (see Sirotin and Shaskols-
kaya, 1982; Smith, 1970)
Aij ¼ adij;
Aijlm ¼ a12dijdlm þ a44dildjm þ a45dimdjl:
ð4:14Þ
These expressions are equivalent to those frequently used in terms
of the independent components a12, a

44, a

77 (see Maugin, 1988;
Mindlin, 1968) provided the following identiﬁcations hold
a12 ¼ a12; a44 ¼
1
2
ða44 þ a45Þ; a77 ¼
1
2
ða44  a45Þ:
In particular, from equation (4.11)3 we have
4qðewccÞi½lq½jqm ¼ h12dijdlm þ h44dildjm þ h45dimdjl;
2qðewccÞi½pqqpm ¼ hdim:
Compatibility of these two equalities implies
2h ¼ ðh12 þ h44 þ 3h45Þ:In view of the notation a11 ¼ a12 þ a44 þ a45 (see Sirotin and Shask-
olskaya, 1982, Smith (1972)), we obtain hþ h45 ¼  12h11. The
resulting expression for the tensor Accijlm is
Accijlm ¼ h12dijdlm þ h44dildjm 
1
2
h11dimdjl: ð4:15Þ
According to (4.13) we also have
Aeuijkl ¼ c12dijdkl þ c44dikdjl þ c45djkdil;
Aeuijk ¼ ðc44  c45Þijk; Acjijl ¼ ðk12  k44Þijl; Aehij ¼ adij;
Ujcijk ¼
1
q
ðk44  k45ÞijhRhk; Vhuij ¼
1
q
adij:
ð4:16Þ
In addition, posing
ðewjjÞij ¼ bdij;
the heat Eq. (3.13) reduces to
ewhh _h ¼ bRikji;k þW W^ hh0 :
We ﬁnally assume the hypothesis of ‘‘spin-isotropy’’ (Eringen,
1999), which in the present model amounts to give the quadrupole
tensor in the form
Q ð0Þij ¼ q0dij:
In particular, the polarization (3.1) reduces to
P ¼ pð0Þ  ðr  uÞpð0Þ  pð0Þ u
þ q0
1
2
rðr  uÞ  ru
 
: ð4:17Þ
Eq. (4.17) illustrates how microrotation and macroscopic strain gra-
dient contribute to polarization in isotropic dielectrics when quad-
rupoles are accounted for.
5. Dielectric layer: the one-dimensional problem
Here we are concerned with the simple problem of micropolar
dielectrics where thermal couplings are disregarded. In particular
we apply the analysis of the previous sections to the one dimen-
sional problem of a dielectric layer bounded by two plane parallel
surfaces Sa and Sb assuming h ¼ h0 and disregarding the depen-
dence on j. According to the results of Section 4, the constitutive
equations read
Tij ¼ c12uk;kdij þ c44uj;i þ c45ui;j þ ðc44  c45Þijkuk;
th ¼ hijðc44uj;i þ c45ui;jÞ þ ðc44  c45Þuh;
lij ¼ h12uk;kdij þ h44uj;i 
1
2
h11ui;j
ð5:1Þ
An orthogonal coordinate system ðO; x1; x2; x3Þ is chosen such that
Sa and Sb are given respectively by x1 ¼ d and x1 ¼ d. All the ﬁelds
are assumed to depend only on the transverse coordinate x1. We
look for a static solution and replace the Faraday’s law (2.6)1 by
the condition
E ¼ r/;
where / is the electric potential. As a consequences, the balance of
momentum (4.5), in component, reduces to
 pð0Þ1 /;11 
1
2
q0/;111 þ c11u1;11 ¼ 0
c44u2;11  ðc45  c44Þu3;1 ¼ 0
c44u3;11  ðc45  c44Þu2;1 ¼ 0
ð5:2Þ
where c11 ¼ c12 þ c45 þ c44. The balance of moment of momentum
(4.6), in components, reads
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pð0Þ3 /;1 þ ðc45  c44Þðu3;1 u2Þ þ h44u2;11 ¼ 0;
 pð0Þ2 /;1 þ ðc45  c44Þðu2;1 u3Þ þ h44u3;11 ¼ 0;
ð5:3Þ
and the Gauss’ law (4.3) reduces to
/;11  pð0Þ1 u1;11  pð0Þ2 u3;1 þ pð0Þ3 u2;1 þ
1
2
q0u1;111 ¼ 0: ð5:4Þ
Concerning with the boundary conditions, we observe that, since
p^  n ¼ 0, and in view of the spin isotropy, we have p^ ¼ 0 on @V
(Kafadar, 1971). Then the condition (2,7)1 becomes
/;1pð0Þ1 ð1u1;1Þþpð0Þ2 u3pð0Þ3 u2
1
2
q0u1;11¼w at x1¼d: ð5:5Þ
Analogously, the condition (2.17), in components reduces to
c11u1;1  12 w p
ð0Þ
1 ð1 u1;1Þ þ pð0Þ2 u3  pð0Þ3 u2 
1
2
q0u1;11
 
/;1 ¼ 0 at x1 ¼ d: ð5:6Þ
c44u2;1  ðc45  c44Þu3 ¼ 0
c44u3;1 þ ðc45  c44Þu2 ¼ 0 at x1 ¼ d:
ð5:7Þ
Finally, as to the condition (2.18), we get
u1;1 ¼ u2;1 ¼ u3;1 ¼ 0 at x1 ¼ d: ð5:8Þ5.1. Solution to the classical problem without quadrupoles
Here we solve the problem of a dielectric layer subject to oppo-
site electric potentials at the layer’s surfaces, i.e, /ðdÞ ¼ V and
/ðdÞ ¼ V . Physically this is realized by assuming that Sa and
Sb are interfaces between the dielectric and two metal layers. In
this subsection we assume perfectly conducting metals so that
the electric ﬁeld jumps at the interfaces from a ﬁnite value within
the dielectric to zero in the metal. We also neglect the contribution
of quadrupoles posing q0 ¼ 0 and look for a static solution compat-
ible with a net polarization along x1. One of our objectives is to
determine the dependence of the electric capacitance on the layer’s
thickness.
From Eq. (5.3)1, accounting for conditions (5.8), we immediately
obtain
u1 ¼ 0:
In absence of quadrupoles, Eqs. (5.2)2, (5.2)3, (5.3)2, (5.3)3, together
with conditions (5.8) yield
pð0Þ2 u2 þ pð0Þ3 u3 ¼ c: ð5:9Þ
By Eqs. (5.2)1 and (5.4), accounting again for (5.8), we get
pð0Þ3 u2  pð0Þ2 u3 ¼ d: ð5:10Þ
The quantities c and d in the above results are constant. It also fol-
lows that
/;11 ¼ 0; u1;11 ¼ 0; u2;11 ¼ 0; u3;11 ¼ 0;
from which, apart from inessential additive constants,
/ ¼ ax1; u1 ¼ bx1; u2 ¼ lx1; u3 ¼ mx1:
Imposing the condition /ðdÞ ¼ V and accounting for (5.7)2 and
(5.7)3 we obtain
a ¼ V
d
; l ¼ c45  c44
c44
u3; m ¼ 
c45  c44
c44
u2: ð5:11Þ
In view of these results we havec ¼ 0; d ¼ p
2
?
c^
V
d
;
where
p2? ¼ pð0Þ2
2 þ pð0Þ3
2
; c^ ¼ c45ðc45  c44Þ
c44
:
Finally, imposing the boundary conditions (5.5) and (5.6) we derive
b and the surface charge density w as
b ¼ 1
2c11
V
d
 2
; w ¼ V
d
1 p
2
?
c^
 
 pð0Þ1 1
1
2c11
V
d
 2" #
: ð5:12Þ
Exploiting Eqs. (5.9) and (5.10) we can write the problem solution in
the following form
u1 ¼ 0; u2 ¼
pð0Þ3
c^
V
d
; u3 ¼ 
pð0Þ2
c^
V
d
;
u1 ¼ 12c11
V
d
 2
x1; u2 ¼  p
ð0Þ
2
c45
V
d
x1; u3 ¼  p
ð0Þ
3
c45
V
d
x1;
/ ¼ V
d
x1:
ð5:13Þ
In the present solution the dipole density pð0Þ plays the role of a
parameter which depends on the microscopic structure of the
dielectrics. For isotropic solids it is natural to look for solutions with
vanishing values of p? and compatible with p
ð0Þ
1 – 0. In this respect
we observe that, according to solution (5.13), from the second and
third component of Eq. (3.1) we have
p2  pð0Þ2
pð0Þ2
¼ p3  p
ð0Þ
3
pð0Þ3
¼ b p
ð0Þ
1
c^
V
d
:
Letting pð0Þi ! 0 and requiring pi  pð0Þi ¼ oðpð0Þi Þ, ði ¼ 2;3Þ, we obtain
the compatibility condition
pð0Þ1 ¼ 
b c^ d
V
:
Accounting for (5.12)1 and (3.1) we arrive at
p1 ¼ 
c^
2c11
V
d
1 1
2c11
V
d
 2" #
: ð5:14Þ
The electric capacitance of the layer is deﬁned as the ratio of the
charge surface density to the potential drop across the layer, i.e.,
C ¼ w
2V
In view of Eq. (5.12)2, accounting for p? ¼ 0, we obtain, in the pres-
ent units,
C ¼ 1
2d
1þ c^
2c11
 c^
4c211
V
d
 2" #
: ð5:15Þ
It’s worth remarking some consequences of the present results.
Firstly, the solution (5.13) shows that electric ﬁeld causes a (con-
stant) positive mechanical strain along x1. This amounts to the elec-
trostriction of the layer. It is a quadratic effect with respect to E,
essentially due to the non linear character of the boundary condi-
tion (5.6). According with the phenomenological theories of electro-
striction (see Newnham et al., 1997; Sundar and Newnham, 1992),
the coefﬁcient of ðV=dÞ2 in Eq. (5.12)1 is proportional to a stiffness
modulus. In view of Eq. (5.14), the quantity c^=ð2c11Þ represents here
the dielectric susceptibility. We remark that within the present
model the electrostriction coefﬁcient and the dielectric susceptibil-
ity takes into account only the ionic contribution of polarization. For
ionic crystals we can assume c^ and c11 to be of order 1011 N/m2 and
writing b ¼ Q pð0Þ1
2
, we obtain that, in SI units, Q is of order 101 m4/
Fig. 1. Electric potential within the layer according to Eq. (5.16).
Fig. 2. Inverse dielectric capacitance 1=C (F1) versus layer’s thickness d (m) for
micropolar models without quadrupoles (dot line), and with quadrupoles (dash
line), compared with the classical result (solid line).
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(Newnham et al., 1997).
Electrostriction also affects the electric capacitance as shown in
Eq. (5.15). Here the classical result accounting for the sole dielec-
tric susceptibility due to the dipole density (5.14), is modiﬁed by
a quadratic term in kEk. Quantitatively, the correction is more evi-
dent for relatively small values of d. This fact explains, to some ex-
tent, the anomalous capacitance measured in thin dielectric ﬁlms
(Mead, 1961). We discuss this aspect in the next subsection.
5.2. Solution with quadrupoles
Here we assume q0 – 0 and look for a solution to problem
(5.2)–(5.8) corresponding to the limit p? ! 0 as in the previous
subsection. Again, as occurs from (5.13), the microrotation vector
turns out to vanish but the electric potential now satisﬁes the
equation
/;1111 
1
L2
/;11 ¼ 0;
where
L ¼ jq0j
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11 þ pð0Þ1
2
q :
Exploiting the conditions /ðdÞ ¼ V we obtain
/ ¼ /^ sinh x1
L
þ 1
d
V  /^ sinhd
L
 
x1; ð5:16Þ
where /^ is constant. Accordingly, u2 ¼ u3 ¼ 0 and
u1 ¼ b^x1; ð5:17Þ
with
b^ ¼ 1
2c11
g^2; ð5:18Þ
where, posing a^ ¼ /^=V ,
g^ ¼ V
d
1þ a^ d
L
cosh
d
L
 sinhd
L
  
: ð5:19Þ
A derivation similar to that of the previous subsection yields
p1 ¼ 
c^
2c11
d
V
g^2 1 1
2c11
g^2
 
; ð5:20Þ
where L and, in turn, g are valued for pð0Þ1 obtained in the previous
subsection. In addition,
w ¼ g^þ c^
2c11
d
V
g^2 1 1
2c11
g^2
 
; ð5:21Þ
C ¼ 1
2V
g^þ c^
2c11
d
V
g^2 1 1
2c11
g^2
  
: ð5:22Þ
For a^ ¼ 0 we obtain the solution in absence of quadrupoles derived
in the previous subsection.
In view of a comparison with the results in Mindlin (1969) (see
also Maugin, 1988), we replace here the condition on surface polar-
ization by requiring that p1 takes an absolute value which is smal-
ler than that obtained in Eq. (5.14). Indeed, it is reasonable that on
the dielectric-metal interfaces Sa and Sb the electric ﬁeld does not
fall abruptly to zero but penetrates to some extent in the metal (Ku
and Ullman, 1964). This implies a lowering of the polarization
within the dielectrics. Eqs. (5.19) and (5.20) account quantitatively
for such effect in terms of a proper choice of a^. Moreover, a result
similar to Eq. (5.16) has been derived by Mindlin (1969) exploiting
a phenomenological linear continuum model of elastic dielectricswhich accounts for polarization gradients in the constitutive
assumptions. In agreement with that result, from Eq. (5.16) we ob-
tain an electric ﬁeld smaller than V=d within the layer and greater
than V=d near Sa and Sb. We show this result in Fig. 1.
In Fig. 2 we show the inverse capacitance 1=C obtained from
Eqs. (5.15) and (5.22), compared with the classical value
C ¼ 1
2d
:
All the results are converted and reported in SI standard units
assuming typical values for electroelastic parameters of ionic crys-
tals c11 ¼ 2 1011 N/m2, c^ ¼ 4 1011 N/m2, jq0j ¼ 109 C/m, and
V ¼ 10 V. In the case of Eq. (5.21) we have chosen a^ ¼ 9:5 1013.
Both curves obtained in the present model diverges for a value
d ¼ d corresponding to the zero of C in Eq. (5.15). Using the previ-
ous data it follows d ¼ 3:3 1011 m, which corresponds to a ﬁeld
intensity E ¼ 3 1011 V/m. Near and below this point the approx-
imation of the present model doesn’t hold. In absence of quadru-
poles the inverse capacitance tends asymptotically to the classical
solution for large values of d. In presence of quadrupoles the devi-
ation from the classical result is enhanced, without asymptotic
behavior. We remark that, in any case, the micromorphic contin-
uum model for dielectrics accounts for the anomalous behavior of
capacitance in thin dielectric structures discussed in Mead (1961)
and Mindlin (1969), which is equivalent to a relative increase of
the surface charge as the layer’s thickness decreases.
Fig. 3. Elastic strains b, b^ versus layer’s thickness d (m) for micropolar models
without quadrupoles (dot line), and with quadrupoles (dash line).
Fig. 4. Polarization density P (C=m2) versus layer’s thickness d (m) for micropolar
models without quadrupoles (dot line), and with quadrupoles (dash line).
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tively by equations (5.12)1 and (5.18) adopting the same data as
in Fig. 2. The comparison between the two results shows that
accounting for quadrupoles makes the electrostriction less effec-
tive. Analogous conclusions follows from the polarization behavior,
shown in Fig. 4. Here, the absolute value of polarization density in
presence of quadrupoles (see Eq. (5.20)) is weaker than that ob-
tained from Eq. (5.14).
6. Concluding remarks
The results of theprevious sectionshowthat thepresentmicromor-
phiccontinuumtheoryofelasticdielectricsand, inparticular, itsmicro-
polar reduction, can describe basic effects due to electromechanicalcoupling in simple structures. Otherwise, such effects usually require
the introduction of phenomenological non-linear theories (Newnham
et al., 1997; Sundar and Newnham, 1992). The evolution Eqs. (3.1)
and (3.2) for dipole and quadrupole densities take a fundamental role
together with the proper boundary conditions. Both dielectric suscep-
tibility and electrostriction arise from these equations in the isotropic
model independently of accounting for quadrupoles. Although the
applicabilityof thepresent theory is limited to ionicpolarizationwhere
dipoles are connected with micromotion, this model seems to repre-
sent a proper setting for various electroelastic interactions including
piezoelectricity, ferroelectricity and ﬂexoelectric effects.
From the analysis of the dielectric layer, the size effect exhibited
by the anomalous behavior of capacitance appears to be a conse-
quence of electrostriction (see Eqs. (5.15) and (5.22)). The occur-
rence of quadrupoles results into a possible further decreasing of
the effective polarization.References
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